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ABSTRACT
In MPI, collective routines MPI_Alltoall and MPI_Alltoallv play
an important role in facilitating all-to-all inter-process data ex-
change. MPI_Alltoallv is a generalization of MPI_Alltoall, sup-
porting the exchange of non-uniform distributions of data. Popular
implementations of MPI, such as MPICH and OpenMPI, imple-
ment MPI_Alltoall using a combination of techniques such as the
Spread-out algorithm and the Bruck algorithm. Spread-out has a
linear complexity in 𝑃 , compared to Bruck’s logarithmic complexity
(𝑃 : process count); a selection between these two techniques is made
at runtime based on the data block size. However, MPI_Alltoallv
is typically implemented using only variants of the spread-out al-
gorithm, and therefore misses out on the performance benefits that
the log-time Bruck algorithm offers (especially for smaller data
loads).

In this paper, we first implement and empirically evaluate all ex-
isting variants of the Bruck algorithm for uniform and non-uniform
data loads– this forms the basis for our own Bruck-based non-
uniform all-to-all algorithms. In particular, we developed two open-
source implementations, padded Bruck and two-phase Bruck, that
efficiently generalize Bruck algorithm to non-uniform all-to-all
data exchange. We empirically validate the techniques on three su-
percomputers: Theta, Cori, and Stampede, using both microbench-
marks and two real-world applications: graph mining and pro-
gram analysis. We perform weak and strong scaling studies for a
range of average message sizes, degrees of imbalance, and distri-
bution schemes, and demonstrate that our techniques outperform
vendor-optimized Cray’s MPI_Alltoallv by as much as 50% for
some workloads and scales.

CCS CONCEPTS
• Theory of computation→Massively parallel algorithms; •
Computing methodologies→ Massively parallel algorithms.
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1 INTRODUCTION
Motivation:Message passing [22] has been the dominant program-
ming model in HPC for decades. There are three essential interfaces
for data exchange among processes: point-to-point [19, 21], one-
sided [11, 16], and collective communication [6, 32]. Point-to-point
is the most granular data-exchange method, and it is performed us-
ing variants of MPI_Send and MPI_Recv. One-sided communication
allows accessing the memory of a remote process by methods such
as MPI_Get and MPI_Put. Collective functions involve communica-
tion among all processes within an MPI communicator. Due to their
global nature, collective functions are the most difficult to scale
and optimize. The overall scalability of applications [12, 27, 37]
that rely on collective functions for their data exchange depends
significantly on the scalability of the collective routines themselves.

MPI_Alltoall is a commonly used collective routine that facil-
itates data exchange between every pair of processes, allowing a
process to send and receive a fixed amount of data from every other
process. Our work focuses on optimizing non-uniform all-to-all
communication, which is performed via MPI_Alltoallv, a more
general version of MPI_Alltoall where each process may send
and receive a variable amount of data. The state-of-the-art imple-
mentations of MPI, such as MPICH [2, 23] and openMPI [3, 15],
implement MPI_Alltoall using a cocktail of techniques, including
the Spread-out algorithm [26] and the Bruck algorithm [9]. Spread-
out has a linear complexity in 𝑃 compared to Bruck, which has a
logarithmic complexity (𝑃 is the total number of processes). A selec-
tion between these two algorithms is made at runtime based on data
block size. However, MPI_Alltoallv is implemented within these
popular MPI implementations using only variants of the Spread-
out algorithm [26]. In this work, we develop open-source imple-
mentations of variants of the Bruck algorithm for non-uniform
all-to-all communication and demonstrate its efficacy for realistic
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microbenchmarks and applications. Our open-source implementa-
tion can be directly adopted by applications that rely on the usage
of MPI_Alltoallv or by vendors that implement MPI.
Limitation of state-of-art approaches The performance of com-
munication operations is a function of their latency and bandwidth
costs. Latency is the fixed cost per communication step, which
is independent of communication size, whereas bandwidth is the
transfer time per byte [43]. Typically, short-message communica-
tion is dominated by latency, while long-message communication is
dominated by bandwidth [38]. Short-message exchange, therefore,
yields better performance with fewer underlying communication
steps. The Bruck algorithm [9] is a well-known technique to re-
duce the total number of these internal communication steps in an
all-to-all exchange from 𝑃 to log(𝑃). This is achieved by transmit-
ting an overall larger amount of data, but over a smaller number
of iterations. The algorithm is therefore well suited for relatively
smaller-sized data messages. It is challenging to directly use the
Bruck algorithm for messages of varying sizes as it requires pro-
cesses to be aware of how much data to expect during each of the
intermediate log(𝑃) iterations [39].

Bruck’s algorithm, in its original form, requires three phases:
local data rotation, log(𝑃) communication steps, and a final rotation
(see Figure 1). Prior work [39] has modified Bruck to eliminate the
final rotation phase by organizing data in a different order in the
first two phases. This optimization has achieved incremental perfor-
mance improvement over the traditional Bruck algorithm, but is also
limited to uniform all-to-all data communication. Independently,
the SLOAV algorithm [44] has explored techniques for extending
Bruck’s algorithm to allow non-uniform all-to-all data communi-
cation. It presented a coupled two-phase method that involved a
meta-data-exchange phase followed by a data-exchange phase at
each internal communication step. A key drawback of SLOAV is
that it lacks an open-source implementation and has shown limited
empirical evaluation (up to 1K processes) – a probable cause that
has prevented it from getting adopted by popular MPI libraries.
We have also identified some limitations of the SLOAV method
from the paper: (a) an inefficient meta-data transmission scheme,
(b) complex internal buffer management, (c) a redundant rotation
phase, and (d) unnecessary final scan overhead (see Section 6.1).

Key insights and contributions In this paper, we survey and
implement all variants of the Bruck algorithm for uniform data
loads, to extract insights that can be used for developing techniques
for non-uniform all-to-all algorithms. In particular, we implement
the modified Bruck and zero-copy Bruck first presented in [39].
While the modified Bruck implementation gets rid of the final
rotation phase, the zero-copy Bruck uses MPI-derived datatypes
to eliminate explicit local memory copies. In addition to these two
techniques, we also present our implementation of a uniform Bruck
algorithm, Zero Rotation Bruck, which eliminates both the initial
and final rotation phases. The implementation derives ideas from
the modified Bruck to remove the final rotation and the usage of
rotation index buffers (from SLOAV) to remove the initial rotation.

We present two alternative techniques for extending the Bruck
algorithm to support non-uniform data distributions: padded Bruck
and two-phase Bruck. Both these algorithms are built on top of

the Zero Rotation Bruck. In padded Bruck, we convert the non-
uniform communication pattern into a uniform one by padding data
messages into equal-sized buffers, followed by the Bruck-style data
exchange and a scan to filter out the actual data from its padding.
The idea of padded Bruck was presented in [39] (section 3.5 of [39]).
However, the paper neither provided any implementation details
nor any empirical evaluations. Our other implementation, the two-
phase Bruck, uses a meta-data exchange phase and a monolithic
working buffer to facilitate non-uniform all-to-all data exchange.
The meta-data exchange phase prepares for actual data transfer,
and the monolithic buffer facilitates seamless movement of data
during the communication phases. It synthesizes the techniques of
SLOAV [44] (coupled two-phase IO, getting rid of the initial rotation
phase) and Modified-Bruck [39] (getting rid of the final rotation
phase), streamlining the algorithm and improving efficiency further
with the use of a monolithic working buffer. Our two-phase Bruck
technique also overcomes the shortcomings of the SLOAV approach
with an efficient meta-data and buffer management scheme and
by getting rid of all local rotation and scan phases. Additionally,
we have performed a thorough empirical evaluation and have an
open-source implementation. We make the following contributions:

(1) We survey and implement all variants of the Bruck algorithm
(for uniform all-to-all) and present our implementation Zero
Rotation Bruck, a synthesis of techniques that gets rid of rotation
and scan overheads. (Section 2)

(2) We present open-source, reproducible implementations of two
all-to-all communication algorithms for non-uniform data, suit-
able for small to moderate loads: padded Bruck and two-phase
Bruck. (Section 3)

(3) We perform a detailed evaluation of our techniques using scal-
ing (up to 32K processes) and sensitivity analysis using both
microbenchmarks and practical applications on the three super-
computers. (Section 4 and 5)

Compared to the vendor’s MPI_Alltoallv implementation (Cray’s
proprietary MPI, based on MPICH [1]), our approach is up to 50%
faster for some micro-benchmarks and up to 15% faster for more
practical graph-mining and program-analysis applications.

Experimental methodology and artifact availability A key
contribution of our work is an open-source implementation and
a thorough evaluation of our techniques. Our work tackles an im-
portant problem that has the potential to improve a range of appli-
cations, and therefore, we have performed a rigorous evaluation
of our algorithms. We have presented results for weak/data scal-
ing up to 32K processes. Additionally, we performed a sensitivity
analysis to study the subtle impact of distribution on performance.
We used three techniques to create our distributions: (a) uniform,
(b) Gaussian, and (c) power-law. Finally, we also created an empir-
ical performance model to carve out the parameter space where
our techniques perform better than the Spread-out algorithm. All
experiments are performed on the Theta Supercomputer and for
several iterations (mapping one MPI rank per core). To show the
generality of our approach across platforms, we also show a subset
of the results on the Cori and Stampede supercomputers (Section 7).

Limitations of the proposed approach Although we have per-
formed thorough experiments on the Theta supercomputer and



(a) Basic Bruck.

(b) Modi�ed Bruck.

Figure 1: Example of (a) Basic Bruck and (b) Modi�ed Bruck
with 4 processes (P0, P1, P2 and P3), each with Send (S) and
Receive (R) bu�ers made of = (= 3) byte-sized %(= 4) data
blocks. Both R and S are used during the comms steps. Note,
the modi�ed Bruck eliminates �nal rotation.

have conducted a small set of experiments on two other supercom-
puters, we believe that more work needs to be done to completely
generalize the usability of our techniques. Experiments must be
performed targeting multiple HPC systems, di�erent workloads,
and more applications. Ultimately, all experiment results must be
used to develop a robust performance model. The model would
enable vendor implementations of MPI to use both the Spread-out
and the Bruck algorithms (two-phase and padded) for their im-
plementations ofMPI_Alltoallv . We have also not explored the
applicability of our techniques for mixed datatypes, as used by
MPI_Alltoallw . Finally, all our experiments were performed using
the MPI-everywhere [45] programming model that maps a rank
per core; in the future, we plan to explore techniques for a hybrid
programming model [29].

2 IMPLEMENTATION OF UNIFORM BRUCK
The Bruck algorithm [38] is an e�cient log-time implementation
of all-to-all communication that is suitable for latency-bound short
messages. Bruck's algorithm is comprised of three major passes:
an initial data rotation,log¹%º internal data transfer steps, and a
�nal data rotation. In this section, we review existing research on
variants of the Bruck algorithm in the context of uniform all-to-all
communication. We compare the performance of these algorithms
and study the underlying causes of their behavior to extract insights
that can be used for non-uniform all-to-all.

2.1 Variants of the Bruck algorithm
With %processes, a uniform all-to-all can be expressed as follows.
Every process has asend bu�er(initialized with data), logically
made out of%data-blocks¹( »0” ” ” %� 1¼º, each with= 1-byte el-
ements. Similarly, processes also have areceive bu�er(initially
empty), logically made out of%data-blocks¹' »0” ” ” %� 1¼ºwith =
1-byte elements. When implemented byMPI_Alltoall , both the
send bu�er and the receive bu�er are contiguous 1-D arrays of size
%� = bytes where all data-blocks( »0” ” ” %� 1¼and' »0” ” ” %� 1¼are
laid out in increasing block order. During communication, every

process with rank? ¹0 5 ? 5 %� 1º transmits the data-block
( »8¼ ¹0 5 85 %� 1º to a process with rank8and receives a data-
block from rank8into the data-block' »8¼.

Basic Bruck [9] is a store-and-forward algorithm that takes
log¹%º steps for collective communication. The algorithm has three
phases that are carried out in sequence:

(1) Local shift of data-blocks:' »8¼= ( »¹? ¸ 8º%%¼. Each data-block
(i.e.,' »8¼, ( »8¼) is a �xed-length bu�er of = bytes.

(2) Global communication withlog¹%º steps. In each step: ¹0 5
: Ÿ log¹%ºº, process? sends to process¹¹? ¸ 2: º%%º all the
data-blocks' »8¼whose: th bit of 8is 1, and receives data from
process¹¹? � 2: º%%º into ( , and replaces' »8¼(just sent) locally.

(3) Local inverse shift of data-blocks from' to ' : ' »8¼= ' »¹? �
8º%%¼.

Note that bu�ers( and' are both involved in the communication
step because some received data-blocks will have to be resent in a
later communication step. An example of basic Bruck with all three
phases can be seen in Figure 1a.

Modi�ed Bruck [39] improves upon theBasic Bruckalgorithm
by eliminating the �nal rotation phase. The send and receive pro-
cesses are reversed and the initial rotation is modi�ed to remove
the �nal rotation required in theBasic Bruck(Figure 1b). It consists
of the following phases:

(1) Local shift of data-blocks:' »8¼= ( »¹2 � ? � 8º%%¼.
(2) Global Communication withlog¹%º steps. In each step: ¹0 5

: Ÿ log¹%ºº, process? sends to process¹¹? � 2: º%%º all the
data-blocks' »8¸ ?¼whose: th bit of 8is 1, and receives data
from process¹¹? ¸ 2: º%%º into ( , and replaces' »8¸ ?¼locally.

Zero-copy Bruck [39] avoids copying the received data-blocks
from bu�er ( into ' at the end of each communication step. This is
achieved by creating a temporary bu�er) and using it alternately
with ' to send and receive data (getting rid of the local copies
(dashed-arrows) in Figure 1b). Similar to' , ) (initially empty), is
logically made up of%data-blocks¹) »0” ” ” %� 1¼ºwith = 1-byte
elements. It has two phases:

(1) Local shift of data-blocks:' »8¼= ( »¹2 � ? � 8º%%¼.
(2) Global communication withlog¹%º steps. In each step: ¹0 5

: Ÿ log¹%ºº, for all the data-blocks whose: th bit of 8is 1, we
calculate the number1 of non-zero bits with index at least: .
If ¹1%2== 0º, process? sends the block) »8¸ ?¼to process
¹¹? � 2: º%%º and receives data in' »8¸ ?¼from process¹¹? ¸
2: º%%º, otherwise,? sends the block' »8¸ ?¼and receives data
into ) »8¸ ?¼.

Zero Rotation Bruck is our implementation, which is a synthe-
sis of two techniques: (a) modi�ed Bruck to eliminate �nal rotation,
and (b) use of a rotation index array [44] to get rid of the initial
rotation. We create a rotation index array,� , to store the desired
order of data-blocks and use it to avoid actual shifting of data in
the initial rotation phase. The cost of creating the rotation index
array (� ) is$ ¹%º, which is less than the cost of local copies$ ¹%=º,
and� can also be cached for repeated use. It has two phases:

(1) Create local rotation array� : � »8¼= ¹2 � ? � 8º%%



(2) Global communication withlog¹%º steps. In each step: ¹0 5
: Ÿ log¹%ºº, process? sends to process¹? � 2: º%%all the data-
blocks' »� »8¸ ?¼¼whose: th bit of 8is 1, and receives data from
process¹¹? ¸ 2: º%%º into ( , and replaces' »� »8¸ ?¼¼locally.

This implementation avoids both rotation phases and forms the
basis for building our non-uniform Bruck algorithms.

2.2 Performance Comparison
The communication pattern of the Bruck algorithm and all its vari-
ants is inherently non-contiguous. Each communication step sends
¹%̧ 1º•2data-blocks to other processes (except the last step, which
may send fewer blocks if the number of processes is not a power
of 2). These blocks are in non-contiguous segments of memory.
Variants of Bruck can be implemented with explicit bu�er man-
agement (using memcpy) or by using MPI-derived datatypes [39].
MPI datatypes can implicitly pack and unpack non-contiguous
blocks that need to be sent and received in each communication
step. We therefore implemented two versions of theBasic Bruck
algorithm and theModi�ed Bruckalgorithm, with MPI-derived
datatypes (Modi�edBruck-dtandBasicBruck-dt) and without them
(BasicBruckandModi�edBruck). Similar to [39], we implemented
the Zero-copy Bruck algorithm using only MPI-derived datatypes
(MPI_Type_create_struct ), which we refer to asZeroCopyBruck-
dt. Our implementation, (ZeroRotationBruck) algorithm, is imple-
mented with explicit memory management.

(a) Running time of all six variants.

(b) Breakdown time of non-MPI datatype variants.

Figure 2: Performance of Bruck variants ( # = 32bytes)

We evaluated all six variants of the Bruck algorithm using the
Theta supercomputer [4]. All experiments were run for20iterations,
and we plotted the median along with the median absolute devia-
tion [24] as error bars in Figure 2a. We �xed the size of data-blocks
to 32bytes while varying the number of processes from256to 4•096.
From the results, we observe three key trends: (a)ZeroRotationBruck
consistently yields the best performance; (b)ZeroCopyBruck-dtis

the least e�cient; and (c) implementations with the MPI-derived
datatype consistently perform poorly compared to the ones with
explicit memory management (see red vs. green trendlines and or-
ange vs. blue trendlines). For example, with%= 256and%= 4•096,
ZeroRotationBruckis 39”64%and7”13%faster thanBasicBruck, and
18”80%and0”83%faster thanModi�edBruck.

ZeroRotationBruckreduces$ ¹%=º memory-copying time of the
�rst rotation phase, but incurs$ ¹%º penalty in populating the
rotation array. Similar toModi�ed Bruck, it also eliminates the �-
nal local rotation phase (cost$ ¹%=º). As a result, when compared
to BasicBruck, ZeroRotationBrucksaves$ ¹2%=� %º cost. This im-
provement can be seen in Figure 2b, which shows the performance
breakdown of the three Bruck variants without MPI datatypes. The
pink portion at the bottom is the �rst rotation phase, and the red
portion at the top is the �nal rotation phase. The middle portion
with di�erent colors is for global communication. The communica-
tion time for these three variants is roughly the same since they are
all implemented without an MPI datatype. From the �gure (see bars
at 4•096processes), it is evident thatZeroRotationBruck(green bar)
is the most e�cient as it does not have any rotation phase (takes
little time to create the rotation indexes array). We also note that
the time percentages of the two rotation phases increase with the
number of processes.

TheZeroCopyBruck-dtdoes not perform well when using a de-
rived datatype to avoid copies at the end of each step. The over-
head of using MPI-derived datatypes was also observed by Tra�, et
al. [39] where they found thatZeroCopyBruck-dtdoes not perform
well if the data-block size is less than250bytes. In general, for
all process counts, we found that MPI-derived datatype added an
additional overhead which led to sub-optimal performance. We use
these observations in designing our own optimizednon-uniform
all-to-all algorithm based onZeroRotationBruck, which avoids using
MPI-derived datatypes and eliminates both rotation phases.

3 IMPLEMENTATION OF NON-UNIFORM
BRUCK

The Bruck algorithm in its existing form cannot be directly ap-
plied tonon-uniformall-to-all communication for two reasons: (1)
processes do not know the size of a data-block they will receive
during each oflog¹%º communication steps in the Bruck algorithm;
and (2) the receive bu�er' or send bu�er ( cannot be reused as
intermediate storage bu�ers during the communication steps since
the intermediate received data can be larger than their capacity. To
address these issues, we propose two advanced Bruck algorithms:
padded Bruck (Section 3.1) and two-phased Bruck (Section 3.2).

Similar to uniform all-to-all, non-uniform all-to-all also has a
send bu�er¹( º and areceive bu�er¹' º, both of which are logically
made up of%data-blocks. However, these data-blocks are of dif-
ferent sizes, and thus to di�erentiate them, we need explicit size
arrays (B4=32>D=CB»0” ” ” %� 1¼andA42E2>D=CB»0” ” ” %� 1¼) to store
the size of data-blocks and o�set arrays (B38B?;B»0” ” ” %� 1¼and
A38B?;B»0” ” ” %� 1¼) to store the starting positions of data-blocks.

3.1 Padded Bruck
Padded Bruck converts anon-uniformall-to-all problem into auni-
formall-to-all problem through padding�a natural extension. There



are three main phases: (a) padding all non-uniform bu�ers to a
�xed-sized bu�er, (b) invoking Bruck-style communication for the
uniform bu�ers, and (c) scanning the received bu�ers to extract
the actual data. The �rst step in the padding phase is to compute
the size of the largest data-block (# ) across all%� %data-blocks (%
data-blocks for every%process). Every process �rst �nds its largest
data-block size locally, and then usesMPI_Allreduce to �nd the
largest overall block size (# ) across all processes. All processes
locally pad all of%local data-blocks to the maximum size (# ). After
padding, the Bruck algorithm is used to perform uniform all-to-all
data exchanges. Finally, all processes perform a local scan to extract
the actual data from the padded bu�er�this is accomplished using
the recvcountsarray, which holds the actual size of the data-blocks.
For small-sized messages, the data-transfer time is dominated by
latency, not bandwidth. The Bruck algorithm signi�cantly reduces
the latency fromU%to Ulog¹%º, whereU is the �xed cost of initiat-
ing an internal communication. Although our approach increases
the communication load, it does not increase the latency cost. The
approach is therefore potentially e�ective for exchanging small
data-blocks where the data exchange cost is dominated by latency.
We also note that we derived the idea of padded Bruck from [39]
(section 3.5), but the paper did not have any implementation details
nor any empirical evaluation.

3.2 Two-phase Bruck
TheTwo-phase Bruckalgorithm addresses the challenges of extend-
ing the Bruck algorithm for non-uniform data loads by performing
a coupled two-phase data exchange (for alllog¹%º communication
steps) and by using a large monolithic bu�er. The two-phase com-
munication involves a meta-data exchange followed by actual data
transfer, where the meta-data prepares processes for the actual
data-exchange. The monolithic working bu�er facilitates seamless
intermediate data exchanges, pre-allocated to an upper bound on
over�ow data. The approach requires more space in the transfer
phases to optimize communication time.

The two-phase Bruck is built on top ofZero Rotation Bruck al-
gorithm. It indirectlysynthesizes techniques of the modi�ed Bruck
(removing the �nal rotation) and SLOAV (removing the initial ro-
tation) and uses the idea of coupled metadata/data exchange �rst
proposed in SLOAV. In addition to synthesis of all these di�erent
ideas, our work yields additional performance improvements by
using a monolithic bu�er that streamlines and simpli�es both meta-
data and data management.

Meta-data transmission . Each of thelog¹%º Bruck commu-
nication steps sends¹%¸ 1º•2 data-blocks from each process to
another receiving process (except for the last step, which may send
fewer blocks if the number of processes is not a power of2). At each
communication step, a process �rst sends meta-data containing
data-block sizes�a bu�er of size¹%¸ 1º•2 that holds the size of
each data-block that needs to be transmitted. We demonstrate this
step with an example in Figure 3, which shows the two (log2 4)
communication steps for four processes. In each step, a process
�rst exchanges the sizes of the two data-blocks it is sending. In the
example shown, for the �rst step: = 0, every process sends data-
blocks1 and3 to a speci�c send process. After meta-data exchange,
every process knows how many bytes it will receive. A process,

Figure 3: log2¹%= 4º comm steps with coupled meta-data and
data exchanges in our two-phase Bruck algorithm.

Algorithm 1 Two Phase Non-Uniform Bruck Algorithm
1: Find maximum data-block length# with MPI_Allreduce;
2: Allocate monolithic working bu�er, with length ¹# � %º;
3: for 8 2 »0• %¼do
4: � »8¼= ¹2 � ? � 8º %%// initiate rotation array;
5: end for
6: for step: 2 »0•log¹%º ¼do
7: n = 0;
8: for 8 2 »2: • %¼whose: th bit is 1do
9: sd»=++¼= ¹? ¸ 8º %%// �nd = send data-block indices;

10: end for
11: for 8 2 »0•=¼do
12: " »8¼= sendcounts»� »sd»8¼¼¼// prepare meta-data;
13: end for
14: sendrank= ¹? � 2: º %%;
15: recvrank= ¹? ¸ 2: º %%;
16: Send" to sendrankand receive updated" from recvrank;
17: for 8 2 »0•=¼do
18: if status»8¼== 1 then
19: Copy data for data-block8from monolithic working bu�er , »sd»8¼ �# ¼;
20: else
21: Copy data for data-block8from send bu�er( »sdispls»� »sd»8¼¼¼¼;
22: end if
23: end for
24: Send these reorganized blocks tosendrank;
25: for 8 2 »0•=¼do
26: if ¹sd»8¼ �?º%%Ÿ 2: ¸ 1 then
27: Receive data-block8from recvrankinto ' »rdispls»sd»8¼¼¼;
28: else
29: Receive data-block8from recvrankinto , »sd»8¼ �# ¼;
30: end if
31: status»� »sd»8¼¼¼= 1;
32: sendcounts»� »sd»8¼¼¼= " »8¼;
33: end for
34: end for

therefore, can send and receive the actual data-blocks successfully
in the subsequent data-transmission phase.

Data transmission . Each process transmits actual data after
meta-data transmission. With the Bruck algorithm, received inter-
mediate data-blocks are likely to be sent in future communication
steps and are typically put back in the corresponding segments of
the send bu�er (basic Bruck and modi�ed Bruck, see Figure 1b)
or in the temporary bu�er (Zero-copy Bruck). For uniform Bruck,
this step is simple as the receive and send bu�ers are of the same
size, never resulting in memory over�ow. It is a challenge fornon-
uniformdata communication where the sizes of received intermedi-
ate data-blocks can be larger than the sizes of the sent data-blocks
(which must temporarily hold the received data-block). We address
this challenge by allocating a large monolithic working bu�er, to



hold all received data-blocks. The size of, must be%� # to ensure
su�cient space, where# is the global maximum size among all
data-blocks. All received data-blocks which will be transferred in
the future communication steps are stored in this bu�er. We use a
boolean variable to track if a data-block was exchanged in previous
communication; if so, the block will be sent from the working bu�er,
otherwise, from the send bu�er.

Algorithm . Pseudocode is shown in Algorithm 1. We �rst �nd
the maximum size# among the data-blocks (line 1). This variable
is used to allocate the monolithic working bu�er, (line 2). We
then initialize a rotation array� instead of shu�ing the actual
data (lines 3-5). In each communication step: , we compute the
indices of the= data-blocks,sd, that need to be sent (lines 8-10)
and then prepare the meta-data" (lines 11-13). Each process sends
its meta-data to its particular receiving process (lines 14-16). With
this information, each process then conducts the data transmission
phase (lines 17-33). For the data transmission phase, we receive the
data-blocks into the receive bu�er' if they will not be sent again
in the future communication steps, otherwise, into the monolithic
working bu�er , »¹8¸ ?º � # ¼, where8is data-block index and?
is the rank of the current process (lines 24-33). We use a Boolean
statusarray to track if a data-block has been exchanged before or
not (lines 17-23) and update it at each communication step (line 31).
A data-block will be drawn from the working bu�er, if its status
is 1, otherwise, data will be fetched from the original send bu�er( .

Figure 4 depicts all of thelog¹%º communication steps in the
two-phase Bruck with four processes. The �rst sub-�gure shows
the initial state, where we color the data-blocks and meta-data that
will be transmitted in the �rst comm step. Note that the initial
state also shows the locally copied data-blocks sent by a process
to itself (i.e., send process rank = receive process rank). The next
three sub-�gures show all bu�ers (data and meta-data) after the two
(log2 4) communication steps. The fourth sub-�gure corresponds to
the �nal state, where each process has received data-blocks from
other processes in the correct order (omitting any rotation).

We further illustrate one coupled metadata and data exchanges
for communication step: = 0 between process0 and process1 in
Figure 5. The metadata and data exchanges are shown in yellow
and blue, respectively. As in theZero Rotation Bruck, process1 �nds
out the indexes of data-blocks that need to send using the rotation
index array (� ). The sent data-blocks are� »8¸ ?¼, where8is 1, and
3 (as Bruck:: C� bit of block index is1) and? = 1 (process with
rank 1). Therefore, process1 sends data-blocks� »¹1 ¸ 1º%4¼= 0
and� »¹3 ¸ 1º%4¼= 2 (shown by engraved black boxes). Once the
indexes of sent data-blocks are computed, we �rst transmit the
size of those blocks (using thesendcountsbu�er (� )), as shown in
yellow, followed by actual data (( ), as shown in blue. A similar index
computation is performed on process0 to facilitate the receiving of
data-blocks from process1. We can note that the data received by
process0 is stored in both the receive bu�er (' ) and the working
bu�er (, ). The working bu�er data can be transmitted in the future
communication steps.

3.3 Theoretical Performance model
We developed a simple model to estimate the cost of both algorithms
in terms of latency and bandwidth. Assume that the overhead for

exchanging a message between any two processes can be modeled
asU¸ =V, whereUis the latency cost per communication exchange,
independent of message size,V is the transfer time per bytes, and=
is the number of bytes transferred. For all Bruck variants, over all
log%communication steps, at mostlog%� ¹¹ %¸ 1º•2º blocks are
sent and received per process. In padded Bruck, all data-blocks are
the same size# . Each process therefore sendslog%�¹¹ %̧ 1º•2º � #
bytes to others at each round. Communication time of a process in
padded Bruck is therefore:

Ulog%¸ Vlog%� ¹¹ %¸ 1º•2º � # (1)

The two-phase Bruckalgorithm has two transmission phases,
which doubles the latency cost to2Ulog%. Meta-data sent during
the �rst transmission phase contains¹¹%¸ 1º•2º integers (4 bytes
each). Actual data sent during the second transmission phase is
# •2 � log%� ¹¹ %¸ 1º•2º, assuming data-blocks are distributed
uniformly (see Section 4.1) and the average size of the data-block
being transmitted is# •2. Communication time of a process in
two-phase Bruck is therefore:

2Ulog%¸ 4Vlog%
¹%¸ 1º

2
¸

#
2

Vlog%
¹%¸ 1º

2
(2)

Comparing the time of padded Bruck with the two-phase Bruck,
i.e. performing¹1º Ÿ ¹2º, we obtain:

¹# � 8º¹%¸ 1ºV Ÿ 4U (3)

Padded Bruck outperforms two-phase Bruck when inequality (3)
holds true�this certainly happens when the# is less than8 bytes.
This is expected as padded Bruck transmits on average twice the
amount of data compared to two-phase Bruck, and padded Bruck
will only outperform two-phase Bruck when the amount of data
transmitted is very small and the overall performance is bound by
latency rather than bandwidth. This observation is also con�rmed
in our performance evaluation.

4 EVALUATION
We conduct a thorough evaluation of our algorithms using synthetic
microbenchmarks (this Section) and applications (Section 5) on the
Theta Supercomputer [4] of Argonne National Lab (ANL). Theta is
a Cray machine with a peak performance of11”69peta�ops,281•088
compute cores,843”264TiB of DDR4 RAM,70”272TiB of MCDRAM,
and10PiB of disk storage. We compare the performance of our
algorithms against vendor-optimized Cray MPI'sMPI_Alltoallv ,
which is a proprietary, closed-source implementation from Cray
based on the MPICH distribution [1]. We perform a series of ex-
periments where we vary the maximum per-process data load (N),
total number of processes (P), and data distribution types, resulting
in four scaling studies: data scaling (Section 4.1), weak scaling (Sec-
tion 4.1), sensitivity analysis (Section 4.2), and distribution study
(Section 4.3). All our experiments were performed for a minimum
of 20 iterations and used the MPI-everywhere programming model
that maps one rank per core.

4.1 Scaling Analysis
In non-uniform all-to-all communication involving%processes,
every process has%data-blocks of di�erent sizes, where it transmits
one data-block to every other process. In our experiments, every
process generates data-blocks whose sizes follow the continuous



Figure 4: An example of two-phase Bruck with %= 4, showing log2 4 comm steps (� : rotation index array, C: sendcountsarray, S:
sendbu�er (data), ' : receivebu�er, , : working bu�er.). Yellow shows the metadata and blue shows the data. The data-elements
in the send bu�er ( ( ) follow the format: 89, where 8is the local rank and 9is the target process rank.

Figure 5: Sending and receiving data-blocks at communica-
tion step : = 0.

uniform distribution [5]. This distribution ensures that data-block
sizes are randomly picked and uniformly sampled between0 and

the maximumdata-block size¹# º, thus yielding an average data-
block of size# •2. To further demonstrate the generality of our
approach, we also conducted experiments for data-blocks whose
sizes follow normal and power-law distributions (Section 4.3).

Data Scaling: We varied the maximum data-block size (# ) from
16to 2•048bytes (generated using a double datatype), and process
counts (%) from128to 32•768. In addition to our two advanced Bruck
algorithms and Cray'sMPI_Alltoallv , we also implemented the
Spread-outandPaddedAlltoallalgorithms. Thespread-outalgorithm
uses the non-blocking point-to-point functions,MPI_Isendand
MPI_Irecv. ThePaddedAlltoallis similar topadded Bruck, where
we apply Cray'sMPI_Alltoall instead of our implementation of
Bruck after padding. We plotted the timings in Figure 6. From
these results, we made two key observations: (1) padded Bruck
outperforms two-phase Bruck and others only for small data-block
sizes and a narrow range of process counts; (2) two-phase Bruck
consistently outperformsMPI_Alltoallv and others for all process
counts (see red trend-line in all �gures).

At most process counts, padded Bruck outperformsMPI_Alltoallv
and two-phase Bruck for# = 16bytes. For example, at1•024pro-
cesses, padded Bruck is28”7%faster than two-phase Bruck and
60”0%faster thanMPI_Alltoallv . Its performance is also superior
to that of the other two schemes for message sizes of up to128bytes
for 128- and256-process runs. However, its performance degrades
rapidly for larger message sizes and higher process counts, also
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